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bstract
Our aim in this paper is to prove some properties of semi-derivations centralizing on Jordan ideals of rings with involution. Some
ell known results characterizing commutativity of prime rings by derivations have been generalized by using semi-derivations.
oreover, we provide examples to show that our hypotheses are not superfluous. 2015 The Authors. Production and hosting by Elsevier B.V. on behalf of Taibah University. This is an open access article under
he CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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.  Introduction
Throughout this paper, R  will represent a ring with
enter Z(R). Recall that R  is 2-torsion free if whenever
x = 0 yields x  = 0. R  is prime if aRb  = 0 implies a = 0 or
 = 0. If R  admits an involution *, then R  is *-prime if
Rb = aRb∗ = 0 forces a  = 0 or b = 0. It is easy to verify
very prime ring admitting an involution * is *-prime,
ut the converse need not be true in general. For exam-
le, if Ro denotes the opposite ring of a prime ring R,
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C BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).then R  ×  Ro equipped with the exchange involution *ex,
defined by *ex(x, y) = (y, x), is *ex-prime but not prime.
This example shows that every prime ring can be injected
in a *-prime ring and from this point of view *-prime
rings constitute a more general class of prime rings.
In the sequel, Sa∗(R) = {x  ∈ R/x∗ = ±  x}, [x,
y] = xy  −  yx  and x ◦  y = xy  + yx. An additive sub-
group J  of R is a Jordan ideal if x  ◦ r ∈  J for all x ∈  J and
r ∈  R. Moreover, if J∗ = J, then J  is called a *-Jordan
ideal. We shall use without explicit mention the fact that
if J  is a Jordan ideal of R, then 2[R, R]J  ⊆  J and 2J[R,
R] ⊆ J  ([1], Lemma 1). Moreover, From [2] we have
4jRj ⊂  J, 4j2R ⊂  J  and 4Rj2 ⊂  J for all j ∈ J.
An additive mapping d  : R  −→  R  is a derivation if
d(xy) = d(x)y  + xd(y) for all x, y ∈  R. Many results in liter-
ature indicate how the global structure of a ring R is often
tightly connected to the behavior of derivations defined
on R.behalf of Taibah University. This is an open access article under the
More recently several authors consider similar sit-
uation in the case the derivation d  is replaced by a
generalized derivation. More specifically an additive
aibah U404 J.J. Jaraden, A. Mamouni / Journal of T
map G  : R  →  R  is said to be a generalized derivation
if there exists a derivation d  of R  such that, for all x,
y ∈  R, G(xy) = G(x)y  + xd(y). Basic examples of general-
ized derivations are the usual derivations on R  and left
R-module mappings from R  into itself. An important
example is a map of the form G(x) = ax  + xb, for some
a, b ∈  R; such generalized derivations are called inner.
Generalized derivations have been primarily studied on
operator algebras.
In [3] Bergen introduced the notion of a semi-
derivation of a ring R  as follows: an additive
mapping d of R  into itself is called a semi-
derivation if there exists a function g  : R  −→  R
such that d(xy) = d(x)g(y) + xd(y) = d(x)y  + g(x)d(y),
d(g(x)) = g(d(x)) for all x, y in R. In case g  is the
identity map on R, d  is a derivation. Moreover, if g  is
an automorphism of R, d  is called skew-derivation (or
g-derivation). Basic examples of g-derivations are the
usual derivations and the map g  −  1, where 1 denotes
the identity map. Let b  ∈  R  be a fixed element. Then a
map D : R  →  R  defined by D(x) = bx  −  g(x)b, x ∈  R, is an
g-derivation on R  and it is called an inner  g-derivation
(an inner  skew  derivation) defined by b.
Recently many authors have studied commutativity of
prime and *-prime rings admitting suitably constrained
additive mappings acting on appropriate subsets of the
rings (see [9–15]). In this paper we continue the line
of investigation regarding the study of semi-derivations
centralizing on Jordan ideals of rings with involution.
2.  Mains  results
Theorem  2.1.  Let  R  be  a  2-torsion  free  *-prime  ring,
g an  onto  endomorphism  of  R  and  d a nonzero  semi-
derivation associated  with  g.  If  d is  centralizing  on  R,
then R  is  commutative.
Proof. Since d is centralizing on R, therefore [[d(x), x],
x] = 0 for all x ∈  R.
In view of ([4], Theorem 1), the fact that d  is an
additive mapping assures that d  is commuting on R  and
thus
[d(x),  x] =  0 for all x ∈  R.  (1)Linearizing Eq. (1) we get [d(x  + y), x  + y] = 0 so that
[d(x),  y] +  [d(y),  x] =  0 for all x,  y  ∈  R.  (2)
Substituting yz  for y  in (2), we obtain [d(x),
yz] + [d(y)z  + g(y)d(z), x] = 0 so thatniversity for Science 9 (2015) 403–406
y[d(x),  z] +  ([d(x),  y] +  [d(y),  x])z  +  d(y)[z,  x]
+ g(y)[d(z),  x] +  [g(y),  x]d(z) =  0
which because of (2) reduces to
y[d(x),  z] +  d(y)[z,  x] + g(y)[d(z),  x]
+ [g(y),  x]d(z) =  0
Once again using (2), we have [d(z), x] = −  [d(x), z]
thereby the last equation becomes
(y  −  g(y))[d(x),  z] +  d(y)[z,  x] +  [g(y),  x]d(z) =  0
for all x,  y,  z  ∈ R.  (3)
Writing zx instead of z in (3), we see that
[g(y),  x]g(z)d(x) =  0 for all x,  y,  z ∈  R.  (4)
Since g  is an onto endomorphism of R  it follows that
[y,  x]Rd(x) =  0 for all x,  y ∈  R.  (5)
For x  ∈ Sa∗(R), Eq. (5) yields x  ∈ Z(R) or d(x) = 0.
Let x ∈ R, since x  −  x∗ ∈  Sa∗(R) then either
x −  x∗ ∈ Z(R) or d(x  −  x∗) = 0.
(i) If x −  x∗ ∈  Z(R), then [r, x] = [r, x∗] for all r ∈ R.
Accordingly, (5) yields [y, x∗]Rd(x) = 0 for all y ∈  R
in such a way that
([y,  x])∗Rd(x) =  0 for all x,  y  ∈ R.  (6)
Combining (5) and (6), the *-primeness of R  forces
x ∈  Z(R) or d(x) = 0.
(ii) Now assume that d(x) = d(x∗); replacing x  by x∗
in (5) we obtain [y, x∗]Rd(x) = 0 for all y ∈ R and
thereby
([y,  x])∗Rd(x) =  0 for all x,  y  ∈ R.  (7)
Comparing (5) with (7), we obtain x ∈ Z(R) or
d(x) = 0.
Hence in both the cases we have x ∈  Z(R) or d(x) = 0
for all x ∈  R. Therefore, R  is the union of its additive sub-
groups Z(R) and H  = {x  ∈ R|d(x) = 0}  and, by Brauer’s
trick, either R = Z(R) or R  = H. Using the fact that d  /=  0,
we conclude that R = Z(R) proving that R  is commutative.

Corollary 2.2  ([5], Theorem 1.1). Let  R  be  a 2-torsion
free *-prime  ring.  If  R  admits  a  nonzero  centralizing
derivation,  then  R  is  commutative.Theorem  2.3.  Let  R be  a  2-torsion  free  prime  ring,
g an  onto  endomorphism  of  R  and  d  a  nonzero  semi-
derivation associated  with  g.  If  d  is  centralizing  on R,
then R  is commutative.
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roof.  Let D be the additive mapping defined on
 =  R ×  R0 by D(x, y) = (d(x), 0). Clearly, D  is a semi-
erivation associated with the onto endomorphism G
efined on R by G(x, y) = (g(x), y). Moreover,
D(x,  y),  (x,  y)] =  [(d(x),  0),  (x,  y)] =  ([d(x),  x],  0)
or all (x,  y) ∈  R. Using the fact that [d(x), x] ∈  Z(R) for
ll x ∈  R, we deduce from the preceding relation that
D(x,  y),  (x,  y)] ∈  Z(R) for all (x,  y) ∈ R
o that D is centralizing on R. Since R is a *ex-prime
ing, in view of Theorem 2.1 we deduce that R is com-
utative and whence it follows that R  is commutative.
orollary  2.4  (Posner’s Second Theorem in char /=  2).
et R  be  a 2-torsion  free  prime  ring.  If  R  admits  a  nonzero
entralizing derivation,  then  R  is  commutative.
heorem  2.5.  Let  R  be  a  2-torsion  free  *-prime  ring,  J
 nonzero  *-Jordan  ideal  of  R,  g  an  onto  endomorphism
f R  and  d a  nonzero  semi-derivation  associated  with  g
hich commutes  with  *.  If  d is  centralizing  on  J,  then
ither R  is  commutative  or  g(J) = {0}.
roof. Assume that g(J) /=  {0}. From [d(x), x] ∈  Z(R)
or all x  ∈  J, it follows that
d(x),  y] +  [d(y),  x] ∈  Z(R) for all x,  y ∈  J.  (8)
e can suppose that J  ∩  Z(R) /=  {0}. Indeed, if
 ∩  Z(R) = {0}  then the fact that
[d(x),  x]2 =  (4xd(x)x) ◦ d(x) −  4x(d(x))2x
− d(x) ◦ (4x2d(x)) +  4x2(d(x))2
ields 4[d(x), x]2 ∈  J  ∩  Z(R) so that 4[d(x), x]2 = 0. Since
 is 2-torsion free, we obtain [d(x), x]2 = 0 for all x  ∈  J
s Z(R) contains no nonzero nilpotent element, thus
d(x),  x] =  0 for all x  ∈  J.  (9)
inearizing (9) we get
d(x),  y] +  [d(y),  x] =  0 for all x,  y  ∈  J.  (10)
ubstituting 4yz2 for y  in (10), where z  ∈ J, one can see
hat
[d(x),  z2] +  d(y)[z2, x] +  g(y)[d(z2),  x]
+ [g(y),  x]d(z2) =  0 for all x,  y,  z  ∈ J.  (11)aking z  = x  in (11) we obtain
(y)[g(x),  x]d(x) +  [g(y),  x]d(x2) =  0
for all x,  y  ∈  J.  (12)niversity for Science 9 (2015) 403–406 405
Replacing y  by 4y2z, where z ∈  J, we obtain [g(y2),
x]g(z)d(x2) = 0 and Since g  is onto and g(J) /=  {0}, then
g(J) is an *-Jordan ideal, so
[g(y2),  x]g(J)d(x2) = 0 for all x,  y  ∈  J.  (13)
For x ∈  J  ∩  Sa∗(R), Eq. (13) together with ([6], Fact 5)
force that x ∈ Z(R) or d(x2) = 0. In view of J  ∩  Z(R) = {0},
in both the cases we have d(x2) = 0 for all x  ∈  J ∩  Sa∗(R).
Let now x  ∈  J, as x  −  x∗ ; x  + x∗ ∈  J  ∩ Sa∗(R), then we
obtain d(x2) =  −d((x∗)2) and replacing x  by x∗ in (13)
we get
([g(y2),  x])∗g(J)d(x2) =  0 for all x,  y  ∈  J.  (14)
Comparing (13) and (14) we have either x  ∈  Z(R) or
d(x2) = 0 which, because J  ∩  Z(R) = {0}, leads to
d(x2) =  0 for all x  ∈ J. (15)
Accordingly, ([7], Lemma 6) yields d  = 0 which contra-
dicts our hypothesis and consequently,
J  ∩  Z(R) /=  {0}.
Let z be a nonzero element of J  ∩  Z(R); replacing y by
2yz = y  ◦ z in (8) we obtain
[y,  x]d(z) ∈ Z(R) for all x,  y  ∈  J
thereby
[[y,  x],  r]Rd(z) =  0 for all x,  y ∈ J ; r ∈  R.  (16)
Since J is a *-Jordan ideal, then the preceding equation
implies that [[x, y], r] = 0 in which case R  is commutative
or d(z) = 0.
Assume that d(z) = 0 ; replacing y by 2zr  = z  ◦  r in (8)
where r  ∈  R, it is easy to see that
[d(x),  r] +  [d(r),  x] ∈  Z(R) for all x  ∈ J,  r ∈  R.
(17)
Substituting 2zs  for x  in (17), where s  ∈  R, we obtain
[d(s),  r] +  [d(r),  s] ∈ Z(R) for all r,  s ∈ R.
Therefore
[d(r),  r] ∈  Z(R) for all r ∈ R  (18)
proving that d  is centralizing on R. According to
Theorem 2.1 it follows that R  is commutative. Corollary 2.6  ([8], Theorem 1). Let  R  be  a  2-torsion
free *-prime  ring,  J  a  nonzero  *-Jordan  ideal  of  R,  and
d a  nonzero  derivation.  If  d  is  centralizing  on  J,  then  R
is commutative.
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Theorem  2.7.  Let  R  be  a  2-torsion  free  prime  ring,  J
a nonzero  Jordan  ideal  of  R,  g  an  onto  endomorphism
of  R  and  d  a  nonzero  semi-derivation  associated  with  g.
If d  is  centralizing  on  J,  then  either  R  is  commutative  or
g(J) = {0}.
Proof.  Let R =  R  ×  R0 and consider the additive map-
pings D  and G  defined by
D(x,  y) =  (d(x),  0),  G(x,  y) =  (g(x),  g(y))
for all (x,  y) ∈  R.
It is straightforward to check that D  is a semi-derivation
associated with the onto endomorphism G. Moreover,
G  ◦ ∗ex(x,  y) =  G(y,  x) =  (g(y),  g(x))
=  ∗ex(g(x),  g(y)) =  ∗ex ◦  G(x,  y)
that is G commutes with *ex. Furthermore, if we set J =
J ×  J , then J is a *ex-Jordan ideal of R. Since d  is
centralizing on J, it’s easy to check that D  is centralizing
on J. As R is a *ex-prime ring, in view of Theorem 2.5 we
deduce that either R is commutative or G(J) =  {(0,  0)}.
Accordingly, either R  is commutative or g(J) = {0}. 
Corollary  2.8  ([8], Theorem 2). Let  R  be  a  2-torsion
free prime  ring  and  J  a  nonzero  Jordan  ideal  of  R.  If  R
admits a nonzero  derivation  d  centralizing  on  J,  then  R
is commutative.
The following example demonstrates that Theorem
2.5 cannot be extended to semiprime rings.
Example  1.  Let (R1, *) be a noncommutative
semiprime ring, with involution, which admits a nonzero
semi-derivation d associated with IR the identity endo-
morphism and let R  = R1 ×  R1. Consider J  = {0}  × R1
and define a semi-derivation D  on R  by D(x, y) = (d(x),
0) associated with the endomorphism G  defined by G(x,
y) = (x, y). Obviously, J is a nonzero τ-Jordan ideal of R,
where τ  is the involution defined on R  by τ(x, y) = (x∗,
y∗). Furthermore,
[D(u),  u] ∈  Z(R) for all u  ∈  J ;
but R  is not commutative.
The following example proves the necessity of the
condition “J a *-Jordan ideal” in Theorem 2.5.
[niversity for Science 9 (2015) 403–406
Example  2.  Let R be a noncommutative prime ring
which admits a nonzero semi-derivation d associated
with IR the identity endomorphism of R  and let R =
R ×  R0. If we set J  = {0}  ×  R0, then J  is a nonzero Jor-
dan ideal of the *ex-prime ring R. Furthermore, if we
defined D(x, y) = (d(x), 0), then D  is a nonzero semi-
derivation of R, associated with the endomorphism G
defined by G(x, y) = (x, y), which satisfies
[D(u),  u] ∈ Z(R)
for all u  ∈ J, however R is not commutative.
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